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Structure of the talk

Our aim is to computationally explore the category M =M(Q,Q)
of pure motives over Q with coefficients in Q. An irreducible motive
M of weight w and rank n has a Sato-Tate group

G ⊆ Spn (odd w), G ⊆ On (even w).

We call M full if equality holds dimensionally: G∈{Spn,On, SOn}.
1. Hypergeometric motives (HGMs)

2. Two closely related general inverse problems:

Hodge IP: (Pursued in an unconditional context) What Hodge
vectors h = (h−w , h2−w , . . . , hw−2, hw ) can arise from full motives?

Minimal conductor problem : (Pursued assuming general
expectations about conductors) For a given realizable h, what’s the
smallest conductor Nh of a full motive with Hodge vector h?

3. Affirmative answers to the Hodge IP for many h from HGMs

4. Upper bounds on some Nh from HGMs



Section 1

Hypergeometric Motives



Formalism of hypergeometric motives (HGMs)

Let n be a positive integer. Let f (x), g(x) ∈ Z[x ] be coprime monic
polynomials of degree n with all roots being roots of unity. Then for
any t ∈ Q− {0, 1} one has a corresponding rank n motive
H(f (x), g(x), t) ∈M(Q,Q).

Example with n = 6:

f (x) = Φ2(x)2Φ8(x) = (x + 1)2(x4 + 1),

g(x) = Φ3(x)2Φ6(x) = (x2 + x + 1)2(x2 − x + 1),

t = 4/3.

Magma allows many computations with HGMs. For example:
H := HypergeometricData([2,2,8],[3,3,6]);

L := LSeries(H,4/3);

EulerFactor(L,7);

1 + 12x − 2 · 72x2 − 59 · 72x3 − 2 · 75x4 + 12 · 76x5 + 79x6



Hodge vectors of HGMs

The Hodge vector of an HGM is independent
of the specialization point t. It is calculated
by how roots intertwine on the unit circle,
as illustrated by f (x) = Φ2(x)2Φ8(x) and
g(x) = Φ3(x)2Φ6(x):
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Conductors of HGMs: an example

Consider H([66, 22, 6, 2], [33, 11, 3, 1], t) which has Hodge vector (33)
so its conductor N(t) can be computed as a ratio of number field
discriminants. Write t = 2ku. The numbers c2(t) = ord2(N(t)) are
given by the following functions of k :
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Conductors of HGMs

Motivated by many pictures very analogous to the previous one, we
have an elaborate but incomplete conjectural theory of ramification in
HGMs. Its most basic part for a fixed prime p is as follows. Define
(Artin slopes)

αp(j) =

{
1 if j = 0 (tame ramification),

1 + j + 1
p−1 if j > 0 (wild ramification).

For a hypergeometric family H(A,B) define

σ∞ =
∑
a∈A

φ(a)αp(ordp(a)), σ0 =
∑
b∈B

φ(b)αp(ordp(b)).

Define also δ = σ∞ − σ0.



Conductors of HGMs, continued

Let σ : R→ R be the unique continuous piecewise linear function
with corners only above 0 and δ and satisfying

σ(k) =

{
σ∞ if k ≤ min(0, δ),

σ0 if k ≥ max(0, δ).

We also define a slightly smaller function σ by looking more closely
at tame ramification.

Let c(t) be ordp(Conductor(H(A,B , t))), so that c is a locally
constant function on Qp − {0, 1}. We conjecture

c(pku) ≤ σ(k).

Moreover, we expect equality to hold if and only if ordp(k) = 0 or
σ(k) = rank(H(A,B)).



Section 2

Context on the inverse Hodge and
minimal conductor problems



Motives from modular forms with trivial character

Let w be an odd positive integer. Then isomorphism classes of
motives M ∈M(Q,Q) with Hodge vector

(1,

w−1︷ ︸︸ ︷
0, . . . , 0, 1)

should be in bijection with normalized Hecke newforms f of modular
weight w + 1 on Γ0(N) with rational coefficients.

Non-full M ∈M(Q,Q) correspond to rational forms f with complex
multiplication. They exist for all w .

Full M ∈M(Q,Q) correspond to rational forms f without complex
multiplication. They exist for w = 1, 3, 5, 7, . . . , 43, 45, 47, 49, and
I conjecture they do not exist for w ≥ 51. Minimal conductors are

w 1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49

N 11 5 3 2 2 1 2 1 1 1 1 2 1 2 2 2 2 2 6 2 2 6 6 2 6



Four types of h

h is called rigid if it has an interior zero and mobile else. From an
algebro-geometric perspective, it should be harder to find motives for
rigid h, because (outside the exceptional O4 case) Griffiths
transversality prevents them from moving in families.

Examples, all symplectic with rank four:

mobile rigid

regular (1, 1, 1, 1) (1, 0, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1)

irregular (2, 2) (2, 0, 0, 0, 0, 0, 0, 2)

h is called regular if all its entries are 0’s or 1’s, except perhaps for a
central 2. It is called irregular else. It is harder to use the
automorphic approach to find motives in M(Q,Q) for irregular h,
because they can’t be isolated by the trace formula.



General expectations on inverse Hodge problem

Our best guesses, with each extra “?” indicating greater doubt.

mobile rigid

(1, 1, 1, 1, 1, 2, 1, 1, 1, 1, 1) 10110100010000200001000101101

regular Yes Usually no?

by HGMs Like rank two case

(2, 1, 1, 4, 1, 1, 2) (3, 2, 1, 0, 0, 1, 2, 3)

irregular Always yes?? ????

See Prop. below see some examples below

For the four rank twelve examples, the answer is yes.

(Much recent work has been done on the rigid regular case, with
many examples with N = 1.)



Rough expectations on minimal conductors

Let

Λ(j) = log(2π)− ψ(
|j |+ 1

2
).

Its graph, with asymptotic approximant log(4π/|j |), is

-20 -10 10 20
j

1

2

3

4

One has Λ(0) = log(8πeγ) ≈ log(44.76) ≈ 3.80. One can view

Ah = exp

(∑
j

hjΛ(j)

)
as an “analytic first guess” (needing considerable further refinement!)
at the minimal conductor Nh.



Section 3

Affirmative solutions to the inverse
Hodge problem for many h from HGMs



A. Mobile Hodge vectors in ranks ≤ 24

Proposition. In ranks ≤ 24, every mobile Hodge vector h comes
from a full hypergeometric motive, except the following twelve Hodge
vectors, all orthogonal:

Rank 20 Rank 24

(6, 1, 1, 1, 2, 1, 1, 1, 6) (9, 1, 1, 2, 1, 1, 9)

(7, 1, 1, 1, 1, 2, 1, 1, 1, 1, 7)

Rank 22 (6, 1, 1, 1, 1, 1, 2, 1, 1, 1, 1, 1, 6)

(6, 1, 1, 1, 1, 2, 1, 1, 1, 1, 6) (5, 1, 2, 1, 1, 1, 2, 1, 1, 1, 2, 1, 5)

(4, 1, 2, 1, 1, 1, 2, 1, 1, 1, 2, 1, 4) (4, 1, 3, 1, 1, 1, 2, 1, 1, 1, 3, 1, 4)

(1, 6, 1, 1, 1, 1, 2, 1, 1, 1, 1, 6, 1)

Rank 23 (4, 1, 1, 2, 1, 1, 1, 2, 1, 1, 1, 2, 1, 1, 4)

(1, 21, 1) (4, 1, 2, 1, 1, 1, 1, 2, 1, 1, 1, 1, 2, 1, 4)



A. Ranks ≤ 24, continued

A family H(f (x), g(x)) is called primitive if f (x)/g(x) is not a
function of xk for some k ≥ 2. The Zariski closure of the
monodromy group of the primitive family H(f (x), g(x)) is the entire
symplectic or orthogonal group whenever w ≥ 1. This implies
H(f (x), g(x), t) is full for “almost all” specialization points t.

The proposition is then proved by direct computation. For example,
there are 319,685,444 symplectic families in rank 24, but only
211 = 2048 Hodge vectors. The average fiber size is thus

r24 =
319685444

2048
≈ 156096.

Thus it is not surprising that all fibers are non-empty, as asserted by
the proposition. In fact, the smallest fibers occur above

(5, 1, 2, 1, 1, 2, 2, 1, 1, 2, 1, 5) and (8, 1, 1, 2, 2, 1, 1, 8)

and have size 34.



A. Larger ranks

The average number of symplectic rank n families per Hodge vector
is rn, graphed as follows.
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The maximum ratio is r68 ≈ 5, 810, 819. The last data point is
r300 ≈ 0.000013. So in large ranks, hypergeometric motives answer
the Hodge inverse problem positively only for a vanishingly small
fraction of mobile Hodge vectors.



B. Rigid solutions from HGMs at t = 1

One can also specialize hypergeometric families at the mild singular
point t = 1.

All Hodge numbers stay the same except:

When w is even, the central Hodge number drops by 1, as in
(2, 3, 1, 3, 2)→ (2, 3, 0, 3, 2).

When w is odd, the two centermost Hodge numbers drop by 1,
as in (2, 3, 1, 1, 3, 2)→ (2, 3, 0, 0, 3, 2).

Fullness fails in the reflexive case f (x) = (−1)ng(−x), because of an
operator inherited from t 7→ 1/t.

Outside the w = 0, the imprimitive, and the reflexive cases, it seems
likely that fullness holds for all but finitely many (f (x), g(x)).
Fullness can be verified for given (f (x), g(x)) by computing two
sufficiently different Euler factors, as on the next slide.



B. Rigid solutions from HGMs at t = 1, continued

Example:
H:=HypergeometricData([3,3,3,3],[1,1,1,1,1,1,1,1]);

L:=LSeries(H,1);

The Hodge vector is (1, 1, 1, 0, 0, 1, 1, 1) by the above procedure.

f2 := EulerFactor(L,2); f2;

1 + 9x + 39 · 2x2 + 207 · 23x3 + 39 · 28x4 + 9 · 214x5 + 221x6

f5 := EulerFactor(L,5); f5;

1 + 18x − 4416 · 5x2 + 65592 · 53x3− 4416 · 58x4 + 18 · 514x5 + 521x6

Both polynomials are conformally palindromic sextics, so their Galois
group is within Weyl(Sp6) = 23 : S3 of order 48. The biggest their
joint Galois group could be is 48 · 48 = 2304. Indeed:

Order(GaloisGroup(f2*f5));

2304

This suffices to show that H([3, 3, 3, 3], [1, 1, 1, 1, 1, 1, 1, 1], 1) is full.



C. Rigid solutions from reflexive HGMs

Reflexive motives H(f (x),−f (−x), (−1)n) decompose as the sum of
two motives in M(Q,Q) of equal or near-equal ranks.

Example. For the rank 14 motive M = H([216], [116], 1), the
decomposition on Hodge vectors is

(1, 1, 1, 1, 1, 1, 1, 0, 0, 1, 1, 1, 1, 1, 1, 1) =

(1, 0, 1, 0, 1, 0, 1, 0, 0, 1, 0, 1, 0, 1, 0, 1) +

(0, 1, 0, 1, 0, 1, 0, 0, 0, 0, 1, 0, 1, 0, 1, 0)

For p = 3, 5, the Euler factor det(1− xFrp|M) factors into an
irreducible sextic and an irreducible octic. The nature of the
irreducible factors confirms both fullness and the Hodge numbers.

(The rank six factor has conductor 26 reflecting tame ramification
only. the rank eight factor has conductor 29.)



C. Rigid solutions from reflexive HGMs

In general, we conjecture that the decomposition h = h1 + h2 has the
“maximal fairness” property:

The numbers hp,q1 − hp,q2 are all in {−1, 0, 1} with the non-zero
differences alternating in sign for p ≥ q.

We also conjecture fullness of each summand outside of a finite
number of exceptions.

This would give positive solutions to the Hodge inverse problem for
infinitely many difficult-looking h. For example, we’d expect that the
two summands of

H([27, 216], [54, 116], 1)

are both full, with rigid irregular Hodge vectors

(3, 2, 1, 0, 0, 0, 0, 1, 2, 3) and (2, 3, 0, 1, 0, 0, 1, 0, 3, 2).



Section 4

4. Upper bounds on Nh for many h from
HGMs



A. Basal HGMs

Every family H(A,B , t) has two preferred specialization points

t = ±
∏

pδp .

These “basal points” are the unique points which are at the bottom
corner of the ramp for all p. We conjecture that

N(t) divides red(denom(t)− num(t))
∏
p

pmin(σ∞,p ,σ0,p)−n.

We expect equality often, including always in the common case that
no prime is involved in both A and B , so that the product is 1. Here

red(s) =

{
radical(s) if w is odd,

squarefreepart(s) if w is even.



A. Basal HGMs, two examples

A conductor drop at one specialization point can be exploited in
infinitely many examples. For example, take t = −1/1024 so that

denom(t)− num(t) = 1024 + 1 = 1025 = 41 · 52.

Indexing by rank, let

M4 = H([4, 2, 2], [1, 1, 1, 1],−1/1024),

M5 = H([2, 2, 2, 2, 2], [1, 1, 1, 1, 1],−1/1024).

Hodge vectors and conductors are

h4 = (1, 1, 1, 1), N4 = 41 · 5 = 205, (N(1,1,1,1) = 61)

h5 = (1, 1, 1, 1, 1), N5 = 41.

The motive M4 is full and has been matched with a Siegel modular
form. In contrast, M5 is not full. It has a full submotive with
h = (1, 1, 0, 1, 1); this submotive corresponds to a Hilbert modular
form on Q(

√
41) and weight (2, 4).



B. Special HGMs

Specializations at t = 1 tend to have smaller conductors. E.g. for
H([4, 2k−2], [1k ], 1), conductors are 2c with

k 3 4 5 6 7 8 9 10 11 12 13 14

n 2 2 4 4 6 6 8 8 10 10 12 12

c 3 4 9 8 9 12 13 16 11 20 19 24

For basal special HGMs, such as H([23a+8b], [4a, 8b, 1a+4b], 1),
conductors are even smaller:

Ranks n Conductor Exponents c

b \ a 0 1 2 3 4 5 6 b \ a 0 1 2 3 4 5 6

0 2 4 8 10 14 16 0 3 5 11 12 18 19

1 6 10 1 7 12

2 14 2 18

In the red example, the Hodge vector is h = (1, 1, 1, 0, 0, 1, 1, 1) and
the conductor is 27 = 128. The analytic guess at the minimal
conductor is Ah ≈ 338.3.



C. Semi HGMs

Recall that each reflexive index (A,B) gives a decomposing motive.

Example: H([3, 2, 2, 2, 2], [6, 1, 1, 1, 1], 1) = M1,0,0,1 ⊕M1,0,0,0,0,1.

A second reason that these semi HGMs are interesting is that they
are automatically lightly ramified. At 2, their ramification can be
studied by comparing with a dyadic HGM, here H([2, 2], [1, 1], 1). At
odd primes p, the ramp has length zero, making making them basal.

The modular forms for the example are f ∈ S4(12) and η122 ∈ S6(4).
These are the ninth and second smallest conductors for their Hodge
vector.

Similarly, H([3, 26], [6, 16], 1) = M1,0,0,0,0,1 ⊕M1,0,1,0,0,1,0,1 with
M1,0,0,0,0,1 from η122 ∈ S6(4) again and M1,0,1,0,0,1,0,1 of conductor
253 = 96.
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Bergström, Faber, and van der Geer.

Lower bounds for conductors in a motivic context were given by J.-F.
Mestre, Formules explicites et minorations de conducteurs de variétés
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generalization of the Hermite-Minkowski theorem, ArXiv, 2018


