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Logical setting and structure of today’s talk

In 1-4 we are inspired by the theory of motives, but actually working
experimentally. Our main modus operandi is to formulate motivically
plausible conjectures which are supported by high precision numerical
computation.

1. Overview: everything depends on an index n = 1, 2, 3, 4, . . .

2. Bessel integrals packaged into matrices Pn

3. Kloosterman sums packaged into L-functions Ln

4. Relations between Ln and Pn in the framework of Deligne’s
conjecture

5. Speculation on possible future proofs



1. Overview

Physicists have been working with integrals and related sums for
centuries. Recently they have been working with integrals and sums
which are connected by underlying motives.

This talk will center on a sequence of examples indexed by a positive
integer n. The cases n = 1, 2, 3, and 4 are relatively simple. The
cases n = 5, 6, 7, and 8 have been quite thoroughly understood for
several years. Our starting point is a comprehensive paper of David
Broadhurst [Bro] which builds on its 46 references.

Let I0(t) and K0(t) be the classical Bessel functions on [0,∞). Let

Int(a, b, c) =

∫ ∞
0

I0(t)aK0(t)btcdt.

These are of great interest to physicists since some of them come
from Feynman diagrams. The paper [Bro] isolates matrices Pn of
them, with all entries Pn(u, v) having a + b = n.



The paper [Bro] also considers sequences an = (an,1, an,2, an,3, . . . )
coming from moments of Kloosterman sums, writing “These
moments are integers that bring us as close as possible to emulating
Feynman integrals, while performing only finite summations.” This
paper then builds an L-function

Ln(s) =
∞∑

m=1

an,m
ms

.

The central focus of [Bro] concerns the behavior of Ln(s) at certain
integral s. Namely certain quotients

Ln(s)

πj Int(a, n − a, c)

are identified as small height rational numbers. For n = 1, 2, 3, 4,
the L-functions are either 1 or a Dirichlet L-function. For n = 5, 6, 7,
8, the L-functions come from modular forms.

Broadhurst raised the question in [Bro] of whether one can find
similar relations for n ≥ 9.



Motives leading the way to n ≥ 9

In early January, we realized that the situation suggests very strongly
that there is a sequence of underlying motives Mn. Here Mn should
have period matrix very close to Pn and L-function Ln(s). We began
numerical computations supporting this hypothesis.

In some ways the situation is uniform in n. However in many ways, it
depends on the parity of n and we introduce k = b(n − 1)/2c. The
good Euler factors of Ln have degree k and the matrix Pn has size
k-by-k . In some ways, the situation depends on the parity of k , and
so we introduce r = bk/2c. For guidance:

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
k 0 0 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9 9 10 10 11 11
r 0 0 0 0 1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4 5 5 5 5

So, very appealingly, the “classical cohort”, meaning n = 5, 6, 7, 8,
has one illustration of each subsequence.



Comments on our explorations into n ≥ 9

For n ≥ 9, the underlying motive Mn is more complicated than
motives related to classical modular forms. The L-function Ln we
have is not known to have good analytic properties. So if we want to
do anything at all, we are forced to be experimental. We compute
with Ln using Tim Dokchitser’s algorithms [Dok], as implemented
either in Pari or Magma.

The quantities expected to be rational now have the form

L(s)

πjΩε
n

with Ω+
n and Ω−n the determinants of certain r -by-r minors of Pn.

We view our computational approach as a good thing, a helpful
complement to the literature on motives, which tends to be very
theoretical.



2. Bessel integrals and the period matrices Pn

The classical Bessel functions I0 and K0 on [0,∞) have many
representations, including

I0(t) =
1

π

∫ π

0

et cos(θ)dθ,

K0(t) =
1

2

∫ ∞
0

e−t(x+
1
x )/2dx

x
.

Recall we want to arithmetically understand

Int(a, b, c) =

∫ ∞
0

I0(t)aK0(t)btcdt.



The k-by-k matrices Pn and their determinants

Define k-by-k matrices Pn by breaking into two cases, P2k+1 = P+
k

and P2k+2 = P−k . Here entries are

P+
k (u, v) = π−u Int(k + 1− u, k + u , 2k + 1− 2v),

P−k (u, v) = π−u−1/2 Int(k + 1− u, k + 1 + u, 2k + 1− 2v).

Broadhurst [Bro] provided overwhelming evidence for exact formulas
for determinants giving in particular

det(P+
k )
√

(2k + 1)!! ∈ Q,
det(P−k ) ∈ Q, k even,

π−1/2 det(P−k ) ∈ Q, k odd.

These rationality statements are part of the collection of evidence
that the Pn are period matrices for motives.



2.1. Linear relations between periods

One has

P8 = P−3 ≈

 0.00716096 0.0166351 0.459206
0.00097236 0.0058322 0.419918
0.00023731 0.0027878 0.459206

 .

One has the apparent linear relation P−3 (1, 3) = P−3 (3, 3). There are
three more relations allowing a change-of-basis matrix T ∈ GL3(Q)
such that

TP−3 T
t =

 ∗ ∗ 0
∗ ∗ 0
0 0 ∗

 .

For n 6≡ 0 (4), computation suggests no linear relations. Otherwise
for n ≡ 0 (4), computations suggests k − 1 relations, allowing an
upper-block form with zeros in the last row but not the last column.



2.2. Quadratic period relations

To test whether the Pn are really period matrices, we sought rational

matrices Dn = Dε
k and Bn = Bε

k satisfying PnDnP
t
n
?
= Bn . They

should be symmetric in the + case and antisymmetric in the − case.
Working with hundreds of digits of precision, we found e.g.

B12 = B−
5 ∝


0 7 0 15 0
−7 0 −12 0 −33
0 12 0 27 0
−15 0 −27 0 −75
0 33 0 75 0

 ,

D12 = D−
5 ∝


0 0 0 0 460800
0 0 0 230400 −1549248
0 0 0 −172800 470736
0 −230400 172800 0 −10048

−460800 1549248 −470736 10048 0

 .

We have an easy general formula for Bn and a complicated general
formula for Dn which we conjecture is such that ? actually holds.



2.3. No further relations

We expect that the underlying motives Mn for n 6= 8 have the
following groups G as their motivic Galois groups:

n Case G
4r + 1 Even orthogonal O2r

4r + 2 Pure symplectic Sp2r
4r + 3 Odd orthogonal O2r+1

4r + 4 Mixed symplectic Q2ro Sp2r

Because of the relations discussed on the last two slides, the
transcendence degree of the field generated by the entries of Pn is at
most dim(G ). The Grothendieck transcendence conjecture then says
there are no more relations.



3. Kloosterman sums and the L-functions Ln

For a prime power q = pk and an element a ∈ F×q , the corresponding
Kloosterman sum is

K (q, a) :=
∑
x∈F×

q

exp

(
2πi

p
traceFq/Fp(x +

a

x
)

)
.

Write x2 + K (q, a)x + q = (x − g(a))(x − h(a)) and form

Sn(q) =
∑
a∈F×

q

n∑
j=0

g(a)jh(a)n−j .

Broadhurst’s perspective again: “These moments are integers that
bring us as close as possible to emulating Feynman integrals, while
performing only finite summations.”



Repackage the Sn(q) by defining cn(q) = −1+Sn(q)
q2

and

Zn(p,T ) = exp

(
−
∑
k>0

cn(pk)

k
T k

)
.

We have done a good packaging because Zn(p,T ) is known to be a
polynomial of degree at most k = bn−1

2
c.

To compute Zn(p,T ) one needs just to compute Sn(p), . . . , Sn(pr )
because of a local functional equation and determinant formula. This
fact supports the concept of cohorts indexed by r .

After modifying the definition of Zn(p,T ) slightly at some bad
factors, one defines

Ln(s) =
∏
p

1

Z (p, p−s)
.



Background on L-functions

A motive M has an associated L-function L(s), a gamma factor
L∞(s) determined mostly by Hodge numbers, and a conductor N
measuring bad reduction. The completed L-function is

Λ(s) = N s/2L∞(s)L(s).

It is conjectured to have good analytic properties, including a
functional equation

Λ(w + 1− s) = εΛ(s).

Here w ∈ Z≥0 is the weight of the motive and ε ∈ {1,−1} is its sign.
The standard way to prove these analytic properties is to identify L as
also being an automorphic L-function.



3.1. Automorphicity

It is known [Yun building on many earlier references] that

L-function Form Comment G
L5(s) = L(f3, s), f3 ∈ S3(15), CM O2

L6(s) = L(f4, s), f4 ∈ S4(6), Sp2

L7(s) = L(Adj(g), s), g ∈ S3(525, χ), Lift O3

L8(s) = ζ(s − 2)L(f6, s), f6 ∈ S6(6) Extra factor Q××Sp2
The proof is difficult, using the Khare-Wintenberger theorem
(formerly Serre’s conjecture) among other things. Note that while
the four members of this first cohort are roughly equal in complexity,
each has a different nature.

General conjectures say that all Ln should be automorphic. The fact
that our computations below succeed in producing L-functions that
“pass” Magma’s CheckFunctionalEquation or equivalently gp’s
LCompute is evidence of automorphicity.



3.2. Conjecture on Hodge numbers

The Hodge vectors (hw ,0, . . . , h0,w ) of the first cohort are definitely

n = 5 : (1, 0, 1)
n = 6 : (1, 0, 0, 1)
n = 7 : (1, 0, 1, 0, 1)
n = 8 : (1, 0, 0, 0, 0, 1) (after removal of the ζ part).

Hodge vectors can be inferred from motivic L-functions via p-adic
valuations of coefficients. We confidently conjecture that to pass
from n to n + 4 one prepends (1, 0) and appends (0, 1). Thus the
next cohort would be

n = 9 : (1, 0, 1, 0, 1, 0, 1)
n = 10 : (1, 0, 1, 0, 0, 1, 0, 1)
n = 11 : (1, 0, 1, 0, 1, 0, 1, 0, 1)
n = 12 : (1, 0, 1, 0, 0, 0, 0, 1, 0, 1) (after removal of a ζ part).



3.3. Conjectures on conductors and signs

For an integer u, let

us = square-free part of u, (e.g. 7s = 7, and 9s = 1),

ur = odd part of radical of u, (e.g. 7r = 7, and 9r = 3).

By working with n ≤ 24 and extrapolating, we found experimentally
(see §5 for important further info) that

N =

{
3s 5s 7s 9s · · · ns , if n is odd,

2e · 2r 4r 6r 8r · · · nr , if n is even.

In the case of n even, e = ord2(N) is defined via e = ord3(N). We
also found experimentally a formula for the sign ε of the functional
equation.



4. Relations between Ln and Pn

Deligne’s conjecture [Del] relates the value of an L-function at a
critical integer s to the determinant of a minor in its period matrix.
The critical integers are arranged symmetrically about the central
point of the functional equation. The presence of central zeros in the
Hodge vector increases the number of critical integers.

In our case (with • indicating the central point), the critical integers
are

n ≡ 1 (4) : ◦ ◦
n ≡ 2 (4) : ◦ • ◦
n ≡ 3 (4) : ◦ ◦
n ≡ 4 (4) : ◦ ◦ • ◦ ◦

The largest n for which we can analytically compute is n = 24. Here
◦ ◦ • ◦ ◦ represents the integers 9, 10, 11, 12, 13 in the complex
s-plane.



4.1. Deligne ratios

We have confidently identified Deligne ratios for all cases n ≤ 18 and
also n ∈ {20, 22}. For n = 24, extensive computations with 40
processors give about 15 digits of precision, suggesting

L24(9) =
232 · 11 · 17 · 192 · 232 · 46681

36 · 54

Ω+
24

π15/2
,

L24(10) =
231 · 11 · 12558877

311 · 55 · 7
Ω−24
π5/2

,

L24(11) = 0.

Here Ω+
24 is the determinant of the 5-by-5 minor of Pn consisting of

rows 2, 4, 6, 8, 10 and columns 7, 8, 9, 10, 11. Also Ω−24 is the
determinant of the minor consisting of rows 1, 3, 5, 7, 9 and columns
again 7, 8, 9, 10, 11.



4.2. Central vanishing in the mixed symplectic case

In the mixed symplectic case n ≡ 0 (4), the L-function Ln has central
point k = (n − 2)/2. For n = 12, 16, 20, and 24, the central value
Ln(k) is zero. For n = 12, 16, and 20 this is no surprise because the
sign of the functional equation is −1.

However for n = 24, the sign of the functional equation is 1 and one
numerically has vanishing to order 2. We conjecture that always for
n > 8 one has central vanishing, even in the cases n = 32, 40, 44, 52,
. . . , where we expect the parity is even.

Our expectation of vanishing is based on the period matrix Pn never
seeming to split past n = 8, and the fact that non-splitting
conjecturally causes central vanishing.



5. Speculation on possible future proofs

We didn’t realize it at the beginning of our project, but Zhiwei Yun
has actually constructed the motives Mn which have been guiding us
[Yun]. By design, they underlie Ln. There is at present no established
connection with Pn.

2.1. and 2.2. Period relations. We expect our linear and quadratic
relations to be provable by either a) working classically with known
relations among Bessel functions or b) working with the underlying
variety and actually computing pairings on both Betti and de Rham
cohomology. These proofs would give complementary insights.

2.3. Transcendence degree. We don’t expect the transcendence
degree conjecture is provable in the near future. It is intended to
illustrate the meaning of the Grothendieck transcendence conjecture
in a concrete setting.



3.1. Automorphicity. We are hopeful that automorphicity may
perhaps be established soon as a consequence of general results. The
fact that all Hodge numbers are 1 or 0 is essential for this optimism.

3.2. Hodge vector formula. Any study establishing Pn as truly the
period matrix of Mn would likely establish also that Hodge vectors are
as conjectured.

3.3 Conductor and parity formula. For even n, Yun shows that all
ramification in Mn at odd primes p is tame and moreover identifies
how Frobenius behaves. With a plausible supplement at p = 2, these
results have the conductor and parity formulas as consequences.

4.1. Deligne ratios. We would not expect our Deligne ratios to be
provably confirmed without general progress on the Deligne
conjecture.

4.2. Vanishing conjecture. We would not expect our vanishing
conjecture to be provable without progress on the general
Beilinson-Bloch conjecture.
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