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1 Introduction

Welcome to Abstract Algebra I. To find out more about me, you should check out my home-
page, http://facultypages.morris.umn.edu/~roberts. For relatively brief questions, a
good time to talk to me is right before or right after class. For longer questions, I am looking
forward to seeing you in my daily office hours. You can find me in the Science Building,
Room 2360. You can also reach me at roberts@morris.umn.edu of my office phone number
589-6348.

Abstract algebra forms a large part of modern mathematics. The goal of the course is to
familiarize you with some of the main concepts of abstract algebra. Our text is

A book of Abstract Algebra, Second Edition
by Charles C. Pinter

It is recommended that you buy the text at its extremely modest price. It is also freely
available online.

We will be following much of the book closely, doing many exercises. However the book
is certainly too long for a one-semester course. So we will be skimming parts and skipping
other parts altogether. A few parts I will replace by notes which cover similar material from
a different viewpoint.

This course aligns with several components of the UMM Student Learning Outcomes
(http://www.morris.umn.edu/committees/Curriculum/Learning_Outcomes_Approved.pdf),
including problem-solving, written communication, quantitative literacy, and collaboration.

University policy says “one credit is defined as equivalent to an average of three hours
of learning effort per week...” Our course is a four-credit course, meeting (rounding up!)
approximately four hours per week. Thus, you are expected to spend eight hours per week
working outside of class. My job is to make your learning effort as efficient and pleasant as
possible, but it is your job to put in the quality time!

2 A unified four-part course

I have divided the course into four parts. Each part has its own focus, and you should find
it interesting by itself. The fourth part is chosen so that it brings together strands from the
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first three parts. There will be a test at the end of Parts I, II, and III. The final exam will
be cumulative, and will emphasize Part IV slightly more than the other parts.

The parts roughly correspond to Chapters 2-8, Chapter 9-16, Chapter 17-26, and Chap-
ters 27-33 of our text. However, as said already, we will be covering only some of the material
in each case. Also our treatment in Part IV will not closely follow the book. It will be less
theoretical and more computational, and the emphasis will be on seeing how all the material
in the previous parts combines in a deep study of polynomials.

The rest of this section gives an informal overview of each of the four parts. You should
re-read it periodically as we go through the course. At the beginning of the course, you’ll
likely find that you understand only small fragments of these overviews. With each reading,
you should understand more. One of my points in giving these overviews here is to make it
clear how the four parts of the course fit together to form a whole.

Part I. Symmetry and its measurement by groups. The concept of symmetry is
important in many situations. In mathematics, symmetry is measured by groups. For
example, the rectangle

a b

c d

is somewhat symmetric, because there are four ways you can send it to itself. We call
these four ways 0, 180, |, and −, as follows. First, you can flip about the horizontal axis
through the middle of the rectangle. This operation,which we call −, switches the vertices
a and c, and simultaneously switches the vertices b and d. We summarize these switches
by writing − = (ac)(bd). Or you can similarly flip about the vertical axis through the
middle of the rectangle, thereby switching vertices according to | = (ab)(cd). Or you can
rotate the rectangle 180 degrees, with this time 180 = (bc)(ad). An interesting thing is that
the horizontal flip followed by the vertical flip is exactly the 180 degree rotation. Reading
functions from right to left (exactly as you do normally, as in (f ◦ g)(x) = f(g(x))), we write
this relations as | ◦ − = 180. Also, going in the other direction, the vertical flip followed by
the horizontal flip is also the same rotation: − ◦ | = 180.

There is a fourth operation on the rectangle that you might not think of right away
because it is too simple: the “do nothing operation”, which we symbolize as 0. It is necessary
to include this operation if we want to be able to have a nice “calculus of symmetries”. It
allows us to summarize obvious facts like “two horizontal flips return the rectangle to its
starting position” in an equation: − ◦ − = 0. Considering all possibilities, the composite
a ◦ b is as follows:

a \ b 0 180 − |
0 0 180 − |

180 180 0 | −
− − | 0 180
| | − 180 0

It is traditional to use the symbol V in the context (from the German word Vier for four)
for the set {0, 180,−, |} of symmetries of the rectangle. In fact V is naturally a group,
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because it comes with the composition operator just discussed. Notice how exotic-looking
the equations embedded in the last two paragraphs have been. Your first order of business
is to get comfortable with them, to the point that the seem like “the obvious right thing to
do”!

As a related example, consider the square:

a b

c d

It is more symmetric than the rectangle because there are eight ways you can send it to
itself. Besides 0, 180, | and − as above, there are the rotations (always considered counter-
clockwise) 90 and 270, and the diagonal flips / and \. The rotation 90 sends a to c, c to
d, d to b, and b to a. We will be abbreviating this very slickly, via 90 = (acdb) with the
understanding always that b gets sent back to a. Similarly / = (ad)(b)(c).

The set D4 = {0, 90, 180, 270,−, |, /, \} of symmetries is likewise a group under the
composition operator. Here D stands for dihedral, and captures that the square has a
front face and a back face; the subscript 4 comes from the fact that the square has four
vertices. A key fact is that symmetries typically do not commute. For example, | ◦ / = 90
but / ◦ | = 270. This failure of commutativity is completely expected from your previous
mathematics experience with composition. For example, the functions esin(x) and sin(ex) are
completely different. The surprise is more that all symmetries in V commute!

The most important groups in Part I are the symmetric groups S1, S2, S3, S4, S5, . . . .
Here Sn is the group of all permutations of an n-element set. The image one should keep in
mind is one of n unstructured points, as in

a
b

c
d

for n = 4. All permutations are allowed. For example, one can send a to b, b to c, and c
back to a, all the while fixing d. This permutation would be denoted as σ = (abc)(d). The
group Sn has n! elements. For example, S3 has six elements because

S3 = {(a)(b)(c), (ab)(c), (ac)(b), (bc)(a), (abc), (acb)}.

As another example one has V ⊂ D4 ⊂ S4. The group V consists of four of the permutations
of {a, b, c, d}, the group D4 consists of eight, and finally S4 consists of all 24.

There are other sources of algebraic structures similar to the ones just discussed. For
example, fix a positive integer n and consider the set of numbers {0, 1, 2, . . ., n−1}. Adding
elements of this set in the normal way forces you to leave the set. However you can add
them by “clock addition” and stay in the set. An ordinary clock has n = 12. For n = 4, the
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addition table is
+ 0 1 2 3
0 0 1 1 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2

The additive group obtained in this way has several standard notations, one of which is Cn.
Here C stands for cyclic, because numbers on a clock form a circle.

In group theory, one allows binary operations ? from arbitrary sources. The most common
source is composition as in our first examples; here non-commutativity is natural. The next
two most common sources are ordinary addition and multiplication of numbers, which only
yield commutative groups. In all the examples above, the groups are finite. Infinite groups,
like the symmetries of a circle, are even more important in mathematics. However, we mostly
avoid them since their study involves not only algebra but also analysis.

One of your main goals in Part I is to fully understand the idea “symmetry is described
by groups”. For example, we will work out cases where the square above is replaced by
the tetrahedron, octahedron, or icosahedron. Another goal is to get super-comfortable with
the symmetric groups Sn. Visualizing rotations of the icosahedron is hard, but this group
can be trickily stuck inside of S5. Then computing in S5 is very easy. Yet a third goal is
to get yourself into the spirit of abstract algebra: you should be comfortable with working
with binary operations ? in general, without worrying whether they come from composition,
addition, or multiplication.

Part II. More on finite groups. Having seen that finite groups are very important,
a natural task is to understand them better. In Part II we will do this, with a focus on
understanding that it makes sense to try to classify all finite groups.

A first issue is to decide when two different groups should be considered as similar enough
to count as the same in the classification. This is resolved by the important but technical
notion of isomorphism. A second issue is to understand the most basic groups really well;
these are the cyclic groups Cn mentioned before, one for each order n.

The word isomorphism means “same structure”. A key idea is that the concrete source
of the group does not matter. For example, consider three groups as follows:

• The set C4a = {0, 1, 2, 3} of clock numbers under addition modulo 4 (as above),

• The set C4m = {1, i,−1,−i} of complex numbers under multiplication,

• The set C4c = {0, 90, 180, 270} of rotations of the square under composition.

Then these three groups are different, but isomorphic. They count as the same group C4 in
our classification.

As examples of classification results, there are two groups of order four, the cyclic group
C4 and the group V above. Similarly, there are five groups of order eight, the cyclic group
C8, the group D4 above, and three other ones. In fact for n ≤ 24, the number #n of groups
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of order n is as follows:

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
# 1 1 1 2 1 2 1 5 2 2 1 5 1 2 1 14 1 5 1 5 2 2 1 15

Note that on this table, #n = 1 whenever n is prime; this statement is in fact true for all
prime numbers n. However for composite numbers n, the number #n can be very large; for
example 512 = 29 and #512 = 10, 494, 213.

A remarkable fact is that finite groups can be built from what are called “simple groups”.
You can think of a general finite group as like a molecule and its constituent simple groups
as like its atoms. The simple groups come in two types. The commuative ones are just the
Cp for p prime. Thus their sequence of orders is the familiar sequence 2, 3, 5, 7, 11, 13, . . . .
The noncommutative ones are much more complicated. Their sequence of orders is 60, 168,
360, 504, . . . .

One of your main goals in Part II is to familiarize yourself with yet more groups. For
example, a new and interesting group is the group Q = {1,−1, i,−i, j,−j, k,−k} with a
non-commutative multiplication to be described later. Another goal is to understand how
groups are related to each other. Among the fundamental concepts are subgroup, quotient
group, and homomorphism.

Part III. Rings and factorization. Rings are sets R with two binary operations, not
just one. We will always denote one of these operators by + and the other by ·. In a way,
rings are more concrete than groups, since almost always + is very closely related to ordinary
addition and · is very closely related to ordinary multiplication. As usual with multiplication,
we often suppress the · and just write ab instead of a · b. In a general ring R, the operator +
is always required to be commutative, and there is always a 0. Following the book, we will
very commonly restrict attention to rings R for which · is commutative too and there is a 1.
All the examples in the syllabus are in this restricted context.

A very important ring is the ordinary ring Z = {· · · ,−3,−2,−1, 0, 1, 2, 3, . . .} of integers.
A ring R is called a field if 0 does not have a reciprocal, but all other elements do. So Z
is not a field, because only −1 and 1 have reciprocals. Familiar examples of fields are Q,
R, and C, the fields of rational, real, and complex numbers respectively. Less familiar are
the important rings Zn = {0, 1, 2, . . . , n− 1}, where addition and multiplication is “modulo
m.” The ring Zn is a field if and only if n is prime. When one considers only addition,
Zn becomes the cyclic group Cn mentioned before. However in this part we are typically
considering both addition and multiplication, making Zn a ring.

The previous paragraph shows that numbers are a fundamental source of rings. A second
fundamental source of rings are functions of various sorts. Our main example is polynomials.
For any ring R, one has the ring R[x] whose elements are polynomials with coefficients in R.

One of the highlights of Part III concerns the ring Z. This highlight (Chapter 22) says
that every positive integer factors uniquely into primes. Thus, for example 60 = 22 · 3 · 5 and
there is no other way to prime-factorize 60. Another of the highlights of Part III concerns the
rings F [x] for any field F . This highlight (Chapter 25) says that a monic polynomial factors
uniquely into monic irreducible polynomials. Finally a highlight—illustrating the power of
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abstract algebra—is that the proofs in the two cases are extremely parallel; with the right
language, the two proofs become special cases of one more general proof.

As an example of unique factorization in polynomial rings F [x], consider f(x) = x4 −
2x2 + 9. It is irreducible in Q[x], as we will be proving. In the larger ring R[x], it factors
into two quadratics:

x4 − 2x2 + 9 =
(
x2 + 2

√
2x+ 3

) (
x2 − 2

√
2x+ 3

)
. (1)

In the even larger ring C[x], one can go even further:

x4 − 2x2 + 9 =
(
x− (

√
2 + i)

) (
x− (

√
2− i)

) (
x+ (

√
2− i)

) (
x+ (

√
2 + i)

)
. (2)

The behavior of x4 + 1 is typical in regard to factorization. First, a “random polynomial” in
Z[x] is extremely likely to be irreducible in Q[x]. Second, it always factors into linear and
quadratic polynomials in R[x]. Third, it always factors into linear polynomials in C[x].

Part III will have many types of specific problems that you will learn to do. However,
more generally speaking, it should give you the feeling that abstract algebra is not all that
far removed from ordinary high school algebra. It is more like a higher perspective on and
a vast generalization of ordinary high school algebra.

Part IV. A glimpse of Galois theory. Let ax2 + bx+ c be a quadratic polynomial with
coefficients a, b, and c in Z. The quadratic formula then says that its roots in C are

x =
−b±

√
b2 − 4ac

2a
. (3)

A classical and very natural question is to find similar formulas for a polynomial f(x) ∈ Z[x]
of arbitrary degree n. A modern and also very natural question relates to the big gap
between the typical irreducibility of f(x) over Q[x] and the factorization into small degree
polynomials over R[x] and C[x] as in (1) and (2). It asks for how f(x) factors in the Zp[x],
as the prime p varies.

Chapter 1 of the text recounts dramatic events in the history of the classical problem.
In the first half of the 1500’s, general formulas analogous to (3) were discovered for the
cases n = 3 and n = 4. In the first third of the 1800’s, it was proved that general such
formulas do not exist for n ≥ 5. However certain special polynomials in degree n ≥ 5 are
still solvable, meaning that their roots can be given by formulas that involve only radicals
k
√

and integers, just like (3).
The final part of the course will give a glimpse at the famous solutions to these two

problems. Both solutions involve a group Gf , called the Galois group of f . This group
permutes the complex roots of f(x) in a way that respects any natural structures that might
be present on these roots. From (2), one can see that the set of complex roots of x4−2x2 +9
form a rectangle. In fact, this example has the unusual and attractive feature that Gf is just
the physical symmetry group V discussed earlier. Usually for a degree n polynomial, Gf is
just Sn.

The solution to the first problem says that f(x) is solvable exactly if all the “atoms”
of Gf are the commutative groups Cp, rather than the more complicated noncommutative
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simple groups. For example, our sample polynomial is solvable, as its roots are ±
√

2 ±√
−1. Illustrating the general solution, the Galois group V of our sample polynomial is built

from two copies of C2. The solution to the second problem says that the statistics of the
factorization of f(x) in Zp[x] are governed by Gf in a precise and appealing way.

Again in Part IV there will be many specific problems that you learn to do. However
Part IV should also give you the sense that abstract algebra is a very unified discipline.
Both the classical and modern problems are about the ring Z[x]. However their solution
centers on an associated group Gf . The course will conclude by helping you to appreciate
an important open problem in mathematics, the inverse Galois problem. This asks whether
any finite group G arises in the form Gf . The general expectation seems to be yes, but
mathematicians are a long way from proving this expectation.

3 Course components

Class periods. We meet Mondays, Wednesdays, and Fridays afternoons from 2:15 to 3:20
in Science 4655. Class periods will typically be broken into two parts, a problem session and
a lecture. These parts will last approximately 20 minutes and 45 minutes respectively, and
are described in more detail below.

Homework problems and the class problem session. There will be several homework
problems every day, some from the book, some supplementary. You are expected to get
together in small groups to do these problems, helping each other out.

Each of you will be assigned one problem that you are particularly responsible for. You
are to bring a well-written solution to that problem to class. You should be prepared every
day to present your solution to class, although you will actually be called upon to present
only about twice.

Class will typically begin by students who were assigned the same problem comparing
their answers. Usually this will just serve to give everyone more confidence in their an-
swers. Sometimes, however, there may be quite different correct solutions, and there will be
interesting comparisons.

I will be looking at your homework, answering questions, and picking presenters. There
will be typically be one or two brief presentations. Typically you will then do one or two
similar problems with your group. One of the purposes of the class problem session is to
make sure that everyone is involved in the course, and that class time is lively and student-
centered.

Your homework will be handed in and graded. Also I would be very happy to talk about
it in office hours. Each test problem will have a tight connection with at least one homework
problem. The best way to study for the exams is to make sure that you understand all the
homework problems well, so that you can quickly and correctly do not only these problems
but also variants.

Lectures. The rest of class time will typically be a more traditional lecture. One very
common topic will be the introduction of new notions and their illustration via examples.
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Another common activity will be the statement and proof of a central theorem. Finally, I
may do some model problems. At many junctures, I will follow the book closely. At other
junctures—especially in Part IV—I will deviate substantially from the book.

Text. Abstract algebra has a very different feel from much of your previous mathematical
experience. You will be slowly accustoming yourself to its spirit as you go through the course.
I recommending reading the text both before and after the lecture. You should not expect
to understand everything before the lecture, but your reading will make you more receptive
to the lecture. After the lecture, the text should make a lot more sense to you on the second
reading.

Tests. There will be three in-class tests and then a final. The final exam will cover all the
material in the course. It will be two hours in length but otherwise be like the in-class tests.
All the tests will center on the main points of the material covered, as already reflected by
the homework problems. For full credit, it is required that solutions on tests be well-written.

Office hours. You are always welcome in my office hours. They are

Mondays 3:30-4:30,
Tuesdays 10:30-11:30,
Wednesdays 9:30-10:20,
Thursdays 2:00-3:00,
Fridays 1:15-2:05.

Since my office hours are scattered throughout the day, there should be at least one or two
days per week that you can attend! Also we can meet by appointment. Each of you should
drop by at least once before the first test, so that we can get to know each other better.

Disability Resource Center. It is University policy to provide reasonable accommoda-
tions to students with disabilities, including psychiatric, attentional, learning, vision, hear-
ing, physical, and systemic disabilities. If you think you may have such a disability, you
are invited to contact Matthew Hoekstra at the Disability Resource Center for a confiden-
tial discussion at 320-589-6178. The center is in Room 240 of Briggs Library. Additional
information is available at www.morris.umn.edu/academicsuccess/disability.

4 Schedule

I will be out of town for our first two class meetings. My colleague, Prof. Chris Atkinson,
will work out examples aimed to get you to as quickly into the spirit of abstract algebra as
possible. There will be no homework assigned after either of these first two meetings, but to
prepare for the third meeting you should carefully read Chapter 2.

On the next two pages, you’ll see a day-by-day schedule for the course, including the
dates of the tests.
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Date Topic

Mod, Jan 15 Martin Luther King Day
Wed, Jan 17 Intro via V , D4, and S4 (Prof. Chris Atkinson)

Fri, Jan 19 Intro via Sym(Cube) and Sn (Prof. Chris Atkinson)

Mon, Jan 22 Course overview and 2. Operations
Wed, Jan 24 3. Definition of Groups

Fri, Jan 26 4. Elementary Properties of Groups

Mon, Jan 29 5. Subgroups
Wed, Jan 31 6. Functions

Fri, Feb 2 6.

Mon, Feb 5 7. Groups of Permutations
Wed, Feb 7 7.

Fri, Feb 9 8. Permutations of a finite set

Mon, Feb 12 8.
Wed, Feb 14 Test 1: Symmetry and groups (some of 2-8)

Fri, Feb 16 9. Isomorphism

Mon, Feb 19 9.
Wed, Feb 21 10. Order of group elements

Fri, Feb 23 11. Cyclic groups

Mon, Feb 26 12. Partitions and Equivalence Relations
Wed, Feb 28 13. Counting Cosets

Fri, Mar 2 14. Homomorphisms

Mon, Mar 5 14.
Wed Mar 7 15. Quotient groups
Fri, Mar 9 16. Classification of Abelian groups
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Date Topic

Mon, Mar 19 16.
Wed, Mar 21 Test 2: More on groups (some of 9-16)

Fri, Mar 23 17. Rings: Definitions and Elementary Properties

Mon, Mar 26 18. Ideals and Homomorphisms
Wed, Mar 28 19. Quotient Rings

Fri, Mar 30 20. Integral Domains

Mon, Apr 2 21. The Integers
Wed, Apr 4 22. Factoring into Primes

Fri, Apr 6 23. Elements of Number Theory

Mon, Apr 9 24. Rings of Polynomials
Wed, Apr 11 25. Factoring Polynomials

Fri, Apr 13 26. Substitution in Polynomials

Mon, Apr 16 Test 3: Rings and factorization (some of 17-26)
Wed, Apr 18 The Fano plane and its symmetries

Fri, Apr 20 Sylow’s theorem (Book 16LMN)

Mon, Apr 23 Sizes of conjugacy classes in Sn

Wed, Apr 25 Building arbitrary finite groups from simple groups
Fri, Apr 27 Factor partitions of polynomials in Z[x] modulo primes

Mon, Apr 30 Complex roots of polynomials and Galois groups
Wed, May 2 Densities of factor partitions

Fri, May 4 Solving equations by radicals

Wed, May 9 Final Exam. 4:00-6:00, Cumulative, with emphasis
on Part IV (which has overlap with 27-33)

5 Grading policy

Grades will be determined as follows.

Three 100-point in-class tests, lowest score counts half: 250 points
Final exam: 150 points
Homework: 50 points
Class citizenship: 50 points

500 points

Class citizenship means first of all coming to class regularly and on time, not using cell phones
or other devices inappropriately, and staying on task. But it also means collaborating with
others in the daily problem solving sessions and occasionally asking or answering questions
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in the lecture component of class periods. This category will not be evaluated numerically.
For most students, it will only be used to decide grades that are otherwise right on grade
borderlines.

Numerical grades will be converted to letter grades using the follow cutoffs.

B+ 87 C+ 77 D+ 65
A 93 B 83 C 73 D 60.
A− 90 B− 80 C− 70

If you are taking the course S-N, you need a 70 to earn an S. A numerical score less than 60%
corresponds to an F. Please note that you are not competing against your fellow students. I
will adjust the difficulty of the questions and the scale of the grading so that say a B− score
corresponds to what I consider B− achievement. Please note that your performance will
likely fluctuate substantially. However my experience says that with so many components
to your final grade, the final grade always accurately reflects your achievement.

University regulations encourage me to print the University-wide uniform grading policy.
Here it is.

A Represents achievement that is outstanding relative to the level necessary to meet course
requirements.

B Represents achievement that is significantly above the level necessary to meet course
requirements.

C Represents achievement that meets the course requirements in every respect.

D Represents achievement that is worthy of credit even though it fails to fully meet the
course requirements.

F Represents failure and indicates that the coursework was completed but at a level unwor-
thy of credit, or was not completed and there was no agreement between the instructor
and student that the student would be temporarily given an incomplete.

Other university policies which apply to this course are at
http://policy.umn.edu/Policies/Education/Education/

SYLLABUSREQUIREMENTS_APPA.html

If you need to miss a test, you need to give me an acceptable excuse and then follow up
our conversation with an e-mail. I will give you a make-up test or we will make some other
arrangement.
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